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1 Abstract
Charged-current single pion production in scattering off 12C is investigated for neutrino
energies up to 1 GeV. An impact of nuclear effects with in-medium modifications of the
∆(1232) resonance properties as well as an effective field theory nonresonant background
contribution are discussed. Dependence of the fraction of ∆(1232) decays into npnh states
on incident neutrino energy is estimated. A model of Nieves et al. [1] is further developed
by performing exact integration avoiding several approximations. The effect of exact inte-
gration is investigated both for double-differential and total neutrino-nucleus cross sections.
2 Introduction
There has been a lot of effort to understand better the single pion production (SPP) reactions
in neutrino-nucleon and neutrino-nucleus scattering. Motivations for these studies come
from neutrino oscillation experiments and their demand to reduce systematic errors. In a
few GeV energy region characteristic for experiments like T2K, MINOS, NOvA, MiniBooNE
and MicroBooNE the SPP channels account for a large fraction of the cross section (at 1 GeV
on an isoscalar target ∼ 36%).
In the neutrino experiments one typically measures charged current quasi-elastic (CCQE)
events. The signal events have no pions in the final state. In the case of SPP reaction on nu-
clei there is a significant probability that a pion produced on a bound nucleon gets absorbed,
and such events contribute to the CCQE background. The MiniBooNE experiment has put
a lot of effort to develop methods to estimate and subtract that background from the CCQE
data sample [2]. A data/MC correction function was introduced based on the investigation
of events with a single pion in a final state. However, it is not clear how legitimate was to
assume that the same function can be applied to hypothetical pion absorption events. A
necessity to use the large correction function can be an indication that the pion production
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1
model implemented in NUANCE Monte Carlo event generator suffers from deficiencies [3].
Another well known instance of relevance of pion production channels is neutral current π0
production. Neutral pions give rise to events which mimic νµ → νe signal (it happens if one
of the two photons from the π0 decay remains unidentified). In the nuclear medium interme-
diate virtual resonance states, leading normally to single pion production, may get absorbed
by nucleons. The pionless ∆ decays events contribute to multinucleon ejection final states
and can be confused with the genuine CCQE events because the knocked out protons are
usually not analyzed at all. The multinucleon knock-out contamination has an impact on
the neutrino energy reconstruction and should be accounted for in the neutrino oscillation
experimental analysis [4]. Weak single pion production processes are also important for the
hadronic physics. They provide a valuable information both on the dynamical structure of
the nucleon resonances and nonresonant contributions. This information is complementary
to what is known from the electro- and photoproduction studies. This topic was studied in
the MAINZ, BONN and TJNAF laboratories. The results give a good insight on the elec-
tromagnetic structure of nucleon resonances production, see for example the latest paper on
the subject [5] and the underlying unitary isobar model for pion electroproduction [6]. The
above mentioned analysis includes also a variety of low lying resonances beyond ∆(1232).
Three of them: P11(1440), D13(1525) and S11(1535) may be relevant for the understanding
of pion production process in the neutrino experiments, like T2K or NOvA. Electro- and
photoproduction experiments can also serve as a valuable source of information on final state
interactions (FSI) effects which are universal for all pion production experiments though a
number of such studies is limited.
Recent experimental results on the charge current SPP reactions come mainly from the
K2K ([7], [8]) and MiniBooNE experiments ([9], [10]). Unfortunately, the analysis of the
underlying fundamental physical processes of pion production on nucleons is obscured by
nuclear effects. There is an important impact of the nuclear medium on a primary interaction
as well as on a redistribution of physical channels by FSI inside the target nucleus. The
nuclear physics uncertainties are so large that MiniBooNE did not attempt to measure
the characteristics of neutrino-nucleon SPP process and published the cross sections results
with all the nuclear effects included (the signal events are those with a single pion leaving
a nucleus). A more valid information about the nucleon-∆ transition form factors and
the effects of the nonresonant background can be extracted from the data obtained on light
targets like hydrogen or deuterium. The results from two old low statistics dedicated bubble
chamber experiments, ANL ([11], [12]) and BNL ([13]), are still used in the verification of
dynamical pion production models and weak N−∆ transition form-factors (see for example
[14], [15]).
In the theoretical discussions of weak SPP two main concerns are: description of the
non-resonant background and handling of the nuclear effects. For the neutrino energies of
about 1 GeV a dominant pion production channel is that via ∆ excitation. However, as
clearly follows from the ANL and BNL experiments, there is an important non-resonant
contribution that cannot be neglected though much harder to include in the computations.
The nuclear effects include the ∆ in-medium self energy which leads to a substantial fraction
of pionless decays. An impact of the nuclear medium on the vector and axial ∆ excitation
form-factors is unknown and currently there is no method of measuring it. The problem of
charged-current SPP on nuclei assuming ∆ dominance model with many-body effects from
[16] has been addressed in [17]. The computations have shown a significant reduction of
the pion production cross-section due to the in-medium effects. The fraction of ∆ pionless
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decays has a rather mild dependence on the incident neutrino energy. All these calculations
did not include any kind of nonresonant background. An assumption of the constant fraction
of pionless ∆ decay is implemented in neutrino Monte Carlo event generators (NUANCE,
NEUT) and the nonresonant dynamics is modelled in a simplified manner within an old
fashioned Rein-Sehgal model which is known to suffer from other deficiences as well [3]. In
this paper the full model of weak SPP on nuclei based on [14] is used for the neutrino-
nucleus scattering following the approach of [1]. The impact of the nonresonant background
is discussed. A lower bound for np − nh contribution coming from the pionless ∆ decays
is estimated. The goal of this paper is to present the predictions from the sophisticated
theoretical model for SPP in such away that they can be used in the evaluation of the
systematic errors by experimental groups. An impact of various ingredients of the model
on the final results will be presented as well.
Our model is based on the papers by Nieves et al.([14], [1]) and we aim to further develop
their approach. Our most important contribution is a prescription how to perform many
integrals in an exact way. Thanks to that we avoid not easy to control approximations.
It turns out that the approximations used in [1] do not work well in the case of double-
differential cross sections, while for total cross sections they produce results close to the
exact ones. We have found also, that the assumption of a constant fraction of pionless ∆
decay cannot be applied for experiments with large flux contribution from Eν < 1 [GeV]
and that the ratio of muon to electron (anti-)neutrino total crosss section does not depend
on the medium modifications of ∆(1232) resonance.
The paper is organized as follows: in Section 3 we discuss the general formalism of
SPP on atomic nuclei. The dynamical model of SPP is reviewed in Section 3.1 and the
nuclear medium effects are discussed in Section 3.1.1. In Section 4 we briefly introduce the
numerical procedures and in Section 5 we present our main results that are then discussed
in Section 6
3 Theoretical Description of Pion Neutrinoproduction
on Atomic Nuclei
The theoretical approach presented in this paper is based on the general scheme described in
[1]. The basic cross-section formula for the electromagnetic or weak charged-current lepton
inclusive differential cross section is:
d3σ
dΩ′dE ′
= Fl(Q
2)
|l′|
|l|
∫
d3rLµνW
µν(ρ(~r)) (3.1)
Fl(Q
2) =
{
2α2
Q4
, electrons
G2F cos
2 θC
4pi2
, (anti)neutrinos
Lµν =
{
lµl
′
ν + l
′
µlν − gµνll′, electrons
lµl
′
ν + l
′
µlν − gµνll′ ± iǫµναβl′αlβ , (anti)neutrinos
For the weak interactions the Fermi contact is GF = 1.1664∗10−11/MeV 2 and the cosine of
Cabbibo angle is cos(ΘC) = 0.974. Furthermore lµ and l′µ denote initial/final lepton four-
momenta, q2 = −Q2 = (l − l′)2 is the squared four-momentum transfer. In the laboratory
frame we assume the momentum transfer to be directed along the Z-axis and the scatttering
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to take place in the X-Z plane. The local density approximation is adopted with ρ(~r) being
the nuclear matter density. The parameterization we adopted in the numerical computations
as well as several other technical details is given in Appendix B.
The cross section can be re-expressed in terms of the gauge boson self-energy in nuclear
medium, it is readily done by a substitution:
LµνW
µν(ρ(~r)) = −1
π
ℑ [LµνΠµν(q, ρ(~r))] . (3.2)
The polarization tensor Πµν has a dimension of (energy)3. After multiplying it by an appro-
priate external couplings and performing the spatial d3r integration one gets a representation
of the gauge boson self-energy. It can be evaluated by adding contributions from Feynman
diagrams representing various processes, with nucleon loops having momentum cutoffs given
by local Fermi momentum
A dominant SPP part is in the many body language denoted as 1p1h1π (contributions
from 2p2h1π and more complicated final states is assumed to be small): there is one pion
and one nucleon-hole pair (1p1h) in the final state. The corresponding contribution to
polarization tensor can be represented as:
− iΠµν1p1h1pi =
∑
iso
∫
d4p
(2π)4
∫
d4k
(2π)4
iDpi(k)iGN (p)iGN ′(p+q−k)Tr
[
Aµν1p1h1pi(p, q, k)
]
.(3.3)
The hadronic tensor Aµν1p1h1pi is defined as:
Aµν1p1h1pi =
∑
s,s′
〈N ′(p′, s′)π(k) |jµcc|N(p, s)〉 (〈N ′(p′, s′)π(k) |jνcc|N(p, s)〉)† (3.4)
In (3.3) GN denotes the nucleon propagator:
GN(p) =
1
p0 + E(p) + iǫ
(
nN (~p)
p0 − E(p)− iǫ +
1− nN (~p)
p0 −E(p) + iǫ
)
(3.5)
with nN(~p) being the occupation numbers for nucleon of isospin N . In the Fermi gas (FG)
model nN(~p) is a Heaviside step function Θ(|~p| − kNF ). The 〈N ′(p′, s′)π(k) |jµcc|N(p, s)〉
are transition amplitudes between initial nucleon state with spin s and four-momentum p
and final state containing pion with four-momentum k and nucleon with four-momentum
p = p+ q − k and spin s′. After inserting the nucleon propagators into polarization tensor
we obtain the following expression:
− 1
π
ℑ (Πµν1p1h1piLµν) = ∑
iso
∫
d3p
(2π)3
∫
d3k
(2π)3
1
8Epi(k)E(p)E(p′)
(3.6)
[nN(p)(1−nN ′(p′)) + nN ′(p′)(1−nN(p))]
δ(E(p′)− q0+Epi−E(p))Tr
[
Aµν1p1h1pi(p, q, k)
]
Lµν
with the nucleon energy E(p) =
√
~p2 +M2 and the final pion energy Epi(k) =
√
~k2 +m2pi.
Taking into account, that the pion may carry a charge and the nucleus atomic number can
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be changed, one can establish the threshold corrected energy transfer (as for the quasielastic
peak):
q˜0 = q0 −Qcorr +∆EF , ∆EF ≡ ENF − EN
′
F . (3.7)
In this way one accounts for the difference of rest masses of isotopes by subtracting the
rest mass difference Qcorr. and different Fermi levels of protons and neutrons. We substitute
q0 → q˜0 everywhere in the hadronic part of the polarisation tensor. An alternative approach
for nuclear the binding energy is used by [1] and shortly explained in Appendix B. In the
isospin symmetric nuclei, like 12C the exchange part of cross section given by the terms with
nN ′(p
′)(1− nN (p)) is negligibly small and thus we neglect it.
3.1 Dynamics of Single Pion Production
The dynamics is defined by a set of Feynman diagrams (Fig. 1) with vertices determined
by effective chiral field theory [14]. The same set of diagrams describes also pion electro-
production, with the exception of pion pole (PP) diagram, which is purely axial.
a) b) c)
g)
d) e) f)
N N ′
π π π
ππ π
π∆
N
∆
N ′
N N ′
N N ′
N ′
N ′
N ′
N
N
N
boson boson
boson
boson
bosonbosonboson
Figure 1: Basic pion production diagrams from [14]: a) Delta pole (∆P), b) crossed Delta
pole (C∆P), c) contact term (CT), d) nucleon pole (NP), e) crossed nucleon pole (CNP),
f) pion-in-flight (PIF), g) pion pole (PP)
After performing summations over nucleon spins we can rewrite the hadronic tensor as:
Aµν = Tr
[
(pupslope′ +M)sµ(pupslope+M)γ0sν†γ0
]
. (3.8)
Reduced current matrix elements sµ correspond to weak transition amplitudes:
〈N ′(p′, s′)π(k) |jµcc|N(p, s)〉 = us′(p′)sµus(p). (3.9)
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They are calculated to be (see: [14]):
sµ∆P = iC∆P
f ∗
mpi
cosΘC
kαPαβ(p+ q)Γ
βµ(p, q)
(p+ q)2 −M2∆ + iM∆Γ((p+ q)2)
(3.10)
sµC∆P = iCC∆P
f ∗
mpi
cosΘC
γ0 [Γαµ(p− k,−q)]† γ0Pαβ(p− k)kβ
(p− k)2 −M2∆ + iM∆Γ((p− k)2)
(3.11)
sµNP = −iCNP
gA√
2fpi
cosΘC
kupslopeγ5(pupslope+ qupslope+M)
(p+ q)2 −M2 + iǫj
µ
CCN (q)Fpi(k − q) (3.12)
sµCNP = −iCCNP
gA√
2fpi
cosΘCj
µ
CCN (q)
(pupslope− kupslope+M)kupslopeγ5
(p− k)2 −M2 + iǫFpi(k − q) (3.13)
sµCT = −iCCT
1√
2fpi
cosΘCγ
µ
[
gAF
V
CT (q
2)γ5 − Fρ((q − k)2)
]
Fpi(k − q) (3.14)
sµPIF = −iCPIF
gA√
2fpi
cosΘCF
V
PIF (q
2)
2M(2kµ − q)γ5
(k − q)2 −m2pi
Fpi(k − q) (3.15)
sµPP = −iCPP
1√
2fpi
cosΘCFρ((q − k)2) q
µqupslope
q2 −m2pi
(3.16)
We use the convention of [14]. In our notation f ∗ = 2.16 is the πN∆ coupling constant.
This value is slightly larger than 2.14 used in [14]. With our choice free ∆(1232) width is
0.118 [GeV ]. The values of axial couplings are standard: gA = 1.267 and fpi = 93 [MeV]. We
use averaged masses for nucleons and pions: M = 1
2
(Mn+Mp), mpi = 13(mpi+ +mpi− +mpi0)
with the values given by Particle Data Group [18]. For the ∆-resonance contributions
we assume M∆ = 1.232 [GeV]. In the Delta pole (∆P ) and crossed Delta pole (C∆P )
amplitudes Pαβ(p∆) and Γ∆(s) denote the Rarita-Schwinger projection operator on spin- 32
states and free ∆→ πN decay width. By Γβµ(p, q) we denote the ∆ electroweak excitation
vertex. We will give more details about the ∆ propagator and decay width in the next
subsection. The electroweak excitation vertex as well as the set of vector and axial form
factors is described in Appendix D. For the nucleon weak currents present in (3.12) and
(3.13) we use the standard vector-axial prescription:
jµCCN (q) = V
µ(q)− Aµ(q) (3.17)
V µ(q) = F V1 (Q
2)γµ +
i
2M
σµαqαF
2
V (Q
2)
Aµ(q) = GA(Q2)
(
γαγ5 +
qupslope
m2pi − q2
qαγ5
)
.
From the conserved vector current (CVC) hypothesis one can also get constraints on
form factors of contact term (CT) and pion-in-flight (PIF) diagrams:
FPIF (Q
2) = FCT (Q
2) = F V1 (Q
2) (3.18)
We choose the same nucleon form-factors as in [14]. Details are described in the Appendix
C. Our current matrix elements contain a virtual pion form factor Fpi(k − q) coming from
the PIF term, where the W boson interacts with a virtual pion with momentum a = k− q.
The CVC forces one to include it in several other background terms. Fpi is assumed to have
a monopole form:
Fpi(a) =
Λ2pi −m2pi
Λ2pi − a2
; Λpi = 1.25[GeV]. (3.19)
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The ρ-meson form factor Fρ(a) = 11−a2/m2ρ ; mρ = 0.7758 [GeV]. has been introduced in the
PP term by the authors of [14] in order to account for the ρ-meson dominance of ππNN
coupling. Because of the partially conserved axial current (PCAC) hypothesis it has been
also introduced in the axial part of CT. For each physical pion production channel there is a
set of isospin Clebsch-Gordan coefficients Ci. They are listed in Tab. 1. In the carbon cross
Table 1: Charged current isospin coefficients of (3.10-3.16)
Process ∆P C∆P NP CNP CT, PIF, PP
νl + p→ l− + π+ + p
√
3
√
1/3 0 1 1
νl + n→ l− + π0 + p −
√
2/3
√
2/3
√
1/2 −√1/2 −√2
νl + n→ l− + π+ + n
√
1/3
√
3 1 0 −1
νl + n→ l+ + π− + n
√
3
√
1/3 0 1 1
ν l + p→ l+ + π0 + n
√
2/3 −
√
2/3 −
√
1/2
√
1/2
√
2
ν l + p→ l+ + π− + p
√
1/3
√
3 1 0 −1
section computations we sum up contributions from protons and neutrons in the incoherent
way.
3.1.1 ∆(1232) Decay Width and Propagator
The πN∆ interaction is decribed by the Lagrangian:
LpiN∆ = f
∗
mpi
ψµ ~T
†(∂µ~φ)ψ + h.c. (3.20)
This results in the following formula for free vacuum ∆→ πN decay width:
Γvac.∆→Npi =
1
12π
f ∗2
m2pi
k3cm(EN,cm +M)
W
(3.21)
It is worthy to notice, that the authors of [1] and [19] use:
Γvac.∆→Npi =
1
12π
f ∗2
m2pi
k3cm(2M)
W
(3.22)
In the above formulae cm denotes the ∆ center of mass frame.
The default ∆ propagator is given by:
Gαβ(p∆) =
P αβ3/2 (p∆,M∆)
p2∆ −M2∆ + iM∆Γ∆(p2∆)
(3.23)
P αβ3/2 (p∆,M∆) = −(pupslope∆ +M∆)
(
gαβ − 1
3
γαγβ − 2
3
pα∆p
β
∆
M2∆
+
1
3
pα∆γ
β − pβ∆γα
M∆
)
.(3.24)
In the above equation P αβ3/2 is the projection operator on spin-
3
2
states with p∆ being the ∆
resonance 4-momentum and Γ∆ the free resonance decay width given in (3.22).
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3.1.2 ∆ Self-Energy
The ∆(1232) isobar exhibits a strongly medium-dependent behavior due to the possibility
to decay into a pion-nucleon pair. The free resonance decay width gets decreased because
of Pauli blocking. Assuming a uniform distribution of decay pions in the ∆ rest frame, the
Pauli blocking factor is calculated to be:
F (p0∆, |~p∆|, EF ) =
p0∆EN,cm + |~p∆|kcm − EFW
|~p∆|kcm (3.25)
and
Γvac → Γ˜ = F (p0∆, |~p∆|, EF )Γvac(s). (3.26)
But inside nucleus other decay channels are opened: the two- and three-nucleon absorp-
tion. The net effect is an overall increase of the ∆ width.
Γvac.∆ (s)→ 2(
1
2
Γ˜∆ + iΣ
matter
∆ ) = Γ˜∆ − 2(ℑΣ1p1h1pi + ℑΣ2p2h + ℑΣ3p3h − iℜΣ∆) (3.27)
In [16] Oset parameterized this width as a functions of either the incoming pion kinetic
energy x = Tpi
mpi
or the real photon energy and the local density of nuclear matter. We use
his approach in our computations. It is necessary to translate the Oset results obtained in
the kinematical situations of real photon or pion scattering to the situation of virtual boson
interaction. It was assumed that the Oset functions:
−ℑΣ∆ = C1p1h1pi(ρ/ρ0)α + C2p2h(ρ/ρ0)β + C3p3h(ρ/ρ0)γ (3.28)
(all Cx and α, β, γ are the functions of photon energy or pion kinetic energy) are in a good
approximation the functions of the average invariant hadronic system mass. The relations:
〈W 2〉 =
{
M2 + 2Eγ〈EN(ρN )〉 γ
M2 + 2Epi〈EN(ρN )〉+m2pi π (3.29)
together withW 2 = (pN+q)2 allow us to translate the virtual boson into one of the available
parameterizations. For the real part of self-energy we use the same prescription as in [17]:
ℜ(Σ) = 40ρ(r)
ρ(0)
[MeV] (3.30)
This prescription neglects different renormalizations of the longitudinal and transverse ∆
response functions in the nuclear medium, but for our purpose it is sufficient.
The main problem in using these prescriptions in model of [14] comes from the fact
that Σ∆ is calculated using nonperturbative effects not included in tree-level diagrams of
(3.10-3.16). All of them contain simple single pion interaction vertex. Thus we modify only
the widths in denominators of ∆P diagram by substituting:
1
p2∆ −M2∆ + iM∆Γvac.(s)
→ 1
p2∆ −M2∆ + iM∆
[
Γ˜− 2(ℑΣ∆ − iℜΣ∆)
] (3.31)
The many-body correction to the SPP through ∆ resonance ℑΣ1p1h1pi and cross sections
for multinucleon channels connected to ℑΣ2p2h and ℑΣ3p3h can be accounted for by changing
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the |∆P |2 contribution (3.10). It can be done by substituting it by a full ∆ resonance
production cross section:
d3σ
dE ′dΩ′
≈ G
2
F |k′|
16π5|k|
∫
drr2
∫
d3p
nN(p)
E(p)(M∆+W )
1
2
Γ˜−ℑΣ∆
(W−(M∆+ℜΣ∆))2+(12Γ˜−ℑΣ∆)2
(3.32)
Tr
[
γ0Γαµ
†
γ0P
3/2
αβ (p∆)Γ
βν(pupslope+M)
]
Lµν
The approximation comes from the nonrelativistic expansion in the ∆ propagator p2∆−M2+
iM∆Γ∆ ≈ (M∆+W )(W −M∆+ i2Γ∆). As for the isospin dependence: for electrons proton
and neutron get the same factor of 1; for neutrinos/antineutrinos protons/neutrons get a
factor of 3 because of the Clebsch-Gordan
√
3 in the weak ∆ excitation vertex.
4 Numerical procedures
The full integration of cross-section within LDA (as given in Eqs 3.1 and 3.2) even with an
assumption of spherically symmetric nuclear matter distribution and on-shell nucleons would
require performing six nested integrals. For a small O(10) number of integration points in
each of them we would need to evaluateO(106) points in the numerical integration procedure
to obtain just one point in the triple-differential cross-section. Thus the authors of [1]
assumed the nucleon momentum to be an average one in local Fermi sea, 〈|~p|〉 =
√
3
5
pNF (~r).
Furthermore ~p is assumed to be orthogonal to the (~q,~k) plane. Within this approximation
the number of nested integrals is reduced by 2:
− 1
π
ℑ (Πµν1p1h1piLµν) ≈ ∑
iso
∫
d3k
(2π)3
1
2Epi(k)
Tr
[
Aµν1p1h1pi(〈p〉, q, k)
]
Lµν (4.1)
∫
d3p
(2π)3
[nN(p)(1−nN ′(p′)) + nN ′(p′)(1−nN(p))]
4E(p)E(p′)
δ(E(p′)− q0+Epi−E(p))
The integral over d3p can now be performed analytically, giving a result proportional to the
Lindhard function. There are severe shortcomings of this approximation and we loose a lot
of precision. One example is the threshold behaviour of the pion production cross section.
The hadronic tensor is described by an averaged invariant pion-nucleon mass. Thus the
physically meaningful tensor is obtained, when
〈W 2〉 =M2 + 2〈EN〉q0 + q2µ ≥ (M +mpi)2. (4.2)
The above mentioned condition is important for nucleon pole (NP) diagram, for which
an unphysical W 2 may give rise to a singularity at (〈p〉 + q)2 = M2. This requires an
additional cutoff in the acceptable kinematics, which sometimes moves up the threshold for
pion production process in an artificial way.
However, the six dimensional integration can be performed using Monte Carlo tech-
niques. There exist several available algorithms for that. We have chosen the Vegas algo-
rithm implemented in GNU Scientific Library (GSL) for C/C++ compilers [20]. It is efficient
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Figure 2: Difference between the exact cross section calculation from this paper and ap-
proximations used in [1].
enough to perform 8-dimensional total cross section integration in a reasonable time using
only O(105) points. This solves the threshold problem caused by averaged hadronic tensor
with averaged W 2.
In order to show the difference between the exact calculation and the approximation
adopted in (4.1) we calculated a sample double-differential electron neutrino cross section
off carbon. The results are shown in Fig. 2 for neutrinos (top) and for antineutrinos
(bottom). The curves calculated using (4.1) are quite different from those calculated without
approximations.
For total cross-section both approaches: exact and approximate give similar results, as
one can see in the Fig. 3. In the case of antineutrino charged pion production there is
a systematic difference between our calculation and approximated results, but it is rather
small. Thus we find the approximation (4.1) sufficient on the level of total cross-sections.
However, in what follows we will always use the exact calculations.
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Figure 3: Difference between exact cross section calculation from this paper and approxi-
mations used in [1].
5 Results
5.1 Importance of background terms
Fig. 4 shows importance of background terms for pion production on a set of 6 free protons
and 6 free neutrons. The curves describes ratios of cross sections coming from only Delta
pole diagram to the cross section calculated with all the background diagrams (and their
interference terms) included in computations.
We see that especially for the lower neutrino energies, below 500 MeV, the background
contribution is very important. The background terms are more relevant for antineutrinos
than for neutrinos and for the π0 production than for a charged pion production.
5.2 Importance of in-medium effects
Fig. 5 shows an impact of the in-medium effects on the pion production. We plotted a
relative modification of the free nucleon cross section (six free protons and neutrons but
with the background contribution included) caused by the in-medium effects. In almost
all of the cases the in-medium effects leads to a significant decrease of the total cross-
section. For the electron (anti)-neutrinos 400 MeV is far from the SPP reaction threshold
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Figure 4: Ratios of the total cross sections for νµ and νµ SPP reactions on carbon calculated
with a model without the background terms to the full model of this paper.
and in those cases we see an almost constant reduction of the cross section on the level
of 30 − 40%. There is an interesting difference in shapes between electron neutrinos and
antineutrinos, see Fig. 5. The latter exhibits a smooth drop of in-medium reduction with
growing neutrino energy. In the case of muon neutrinos and antineutrinos near the pion
production threshold (Eν < 0.5 [GeV]) the cross section is less affected by nuclear effects.
For π+ production channel and Eν = 0.4 [GeV] it even seems to be slightly enhanced. This
happens due to nucleon Fermi motion which dominates other effects in that kinematical
region. This is not the case for π0 production by antineutrinos. There exists a correlation
between the nonresonant background contribution and the cross section reductiondue to in-
medium effects. Shapes of the reduction ratios in neutrino π0 and antineutrino π− channels
are almost the same, so are background contribution shown in Fig. 4. In general, the
more cross section comes from background and interference terms, the smaller is the near
threshold effect. For the larger muon neutrino/antineutrino energies E > 0.6 [GeV] we see
again an almost uniform reduction of the cross section of the order of 30%.
5.3 Total cross sections
We compared predictions from our model with the recent MiniBooNE pion production
data. MiniBooNE, unlike K2K, published their results in a form of absolutely normalized
cross section and not as a ratio to CC inclusive cross sections. We performed calculations
with our model of the total cross-sections on CH2. A direct comparison with the data
is not straightforward because MiniBooNE reported the cross sections for pions in the
final state after leaving nucleus (in a case of neutrino-carbon scattering) with all the FSI
effects included. The pion FSI effects can be evaluated within a cascade models like those
implemented in Monte Carlo event generators. Our model is not yet an ingredient of any
MC generator and we tried to estimate an impact of FSI effects using the results of MC
comparison study published in [21]. We approximate the relevant probabilities as:
P (π0 → π0) = 67%, P (π0 → π+) = 5% (5.1)
P (π+ → π+) = 69%, P (π+ → π0) = 5% (5.2)
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Figure 5: Impact of nuclear effects on SPP off 12C. Plots show (σfree−σmedium)/σfree×100%
The results for the cross section with and without FSI are plotted in Fig. 6.
In the case of charged pion production we obtained a quite good agreement with the data
up to the neutrino energy of around 0.8 [GeV]. In the case of charged-current 1π0 production
both free and in-medium cross sections with our model are too small, and the discrepancy
becomes larger with increasing neutrino energy. FSI introduce large modifications for the
π+ channel. In the π0 channel an effect of absorption of π0 is partially compensated by
a fraction of initial π+ events, that end up as π0 due to charge exchange reaction inside
nucleus. It is important to point out that in the case of CCπ0 reaction also the computations
of other theoretical groups give results well below the measured cross section [22].
5.4 Ratios of muon to electron (anti-)neutrino cross sections
In neutrino oscillation appearance experiments it is very important to calculate precisely
ratios of muon and electron neutrino cross sections. Even in a presence of a near detector
and with full understanding of initial muon neutrino flux a good knowledge of the ratios (and
their dependence on neutrino energy) is crucial for a correct identification of the oscillation
signal.
In Fig. 7 we see that the ratios calculated with the complete model are slowly increasing
functions of the neutrino energy. In the case of antineutrinos there is a small difference
between π− and π0 production: in the first case the ratio is slightly lower. On the contrary,
we obtain almost the same ratios both for π+ and π0 production by neutrinos.
It is important to know how well the ratios are calculated when much simpler models
are used, which is a case in MC event generators.
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Figure 7: Ratios of muon to electron (anti) neutrino total SPP cross sections on 12C for the
full model of this paper.
Fig. 8 shows an impact of the background terms on the π0 production ratios. We
compared two situations: the full model and the model without background contributions.
We see that the results are significantly different only in the case of antineutrinos. For
lower neutrino energies one obtains much smaller ratios while using pure resonant SPP
mechanism. For neutrinos these differences are negligible.
Fig 9 show an impact of ∆ self-energy on the ratios. We compared two situations: the
full model and the model without ∆ self-energy. We see that the negligence of the ∆ self-
energy has almost no impact on the considered observable. We conclude, that in order to
describe well the anti-muon to anti-electron neutrino cross section ratio it is important to
include the nonresonant background, but not necessarly the ∆ self-energy.
5.5 Pionless ∆ decays
An interesting feature of the model we discuss is that we obtain a contribution to the cross
section coming from pionless ∆ decays. This is a part of the meson exchange current (MEC)
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cross section which has recently attracted a lot of attention [23]. There is a lot of evidence
that MEC mechanism is responsible for a large CCQE axial mass measurement reported
by the MiniBooNE collaboration. Theoretical microscopic computations always include
pionless ∆ decays as a part of the calculated effect. Some MC event generators (NEUT,
NUANCE) assume a constant fraction of the pionless ∆ decays and we find it interesting
to check how well this assumption is satisfied in our model.
The fractions of the pionless decays and their dependence on the neutrino energy and
species are shown in Fig. 10. There is no difference between neutrinos and antineutrinos,
because we include only the np− nh mechanism coming from the resonant diagrams. The
fraction of pionless ∆ decays is very large for the energies below 500 MeV. For the larger
energies it exhibits a smooth energy dependence, dropping down to 20% at Eν = 1 [GeV].
It is clear that for experiments with a large fraction of neutrinos with energies below 1 [GeV]
one can not consider the investigated quantity to be constant.
The total pionless ∆ decay cross section may be treated as a lower bound for the np−nh
contribution. One has to keep in mind, that there are many more sources of np− nh final
states, which can be built from diagrams (3.10-3.16) but are not considered in this paper.
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The total cross section coming from ∆ → np − nh decays can be seen in Fig. 11. The
charge current quasielastic (CCQE) contribution has been calculated with NuWro neutrino
event generator [24] with MA = 1.05 [GeV]. The np−nh contribution coming from pionless
∆ decays is small compared to CCQE and SPP dynamics (around 10-15% of the first), but
it is non-negligible. Alone, it cannot explain MiniBooNE’s large axial mass measurement
because that this is only a part of the np− nh cross section.
6 Discussion
It is not east to understand why the ∆ self-energy leads to the substantial reduction of
the cross sections. As explained in the introduction the in-medium ∆ spectral function
was included only in the ∆P diagram. It is difficult to conclude, whether the cross section
reduction is a genuine physical effect or rather an artifact of the approximate treatment of
background terms and in-medium ∆ self-energy. The pure background contribution (36 out
of 49 combinations from (3.10)-(3.16)) is not affected by the presence of nuclear matter. In
the ∆-background interference terms (12 combinations) the in-medium effects enter only
through ∆P diagram, thus are included only partially. A complete in-medium dressing is
present only in the pure ∆ contribution, reducing its size significantly. A verification of
the model prediction can come only from the evaluation of the non-perturbative in-medium
effects for all the genuine amplitudes (28 independent terms) which is a very difficult task
to achieve.
We arrived at a reasonable agreement with the MiniBooNE CCπ+ production but our
model underestimates CCπ0 cross section. There can be several reasons for that. The
first one can be approximations discussed in the previous paragraph. For neutrino energies
around 1 GeV one should include also contributions from heavier resonances absent in
our computations. It is also possible that the 1π2p2h process contributes with a larger
cross section than it is generally expected. An apparent excess of the CC1π0 cross section
with respect to several theoretical models predictions is an interesting topic for the further
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research.
We investigated a possible impact on predictions from the model coming from different
descriptions of the ∆ resonance width. For example the authors of [25] use:
ΓM−S(W ) = 118[MeV ] · ρ∆→piN(W )
ρ∆→piN(M∆)
(6.1)
ρ∆→piN(W ) =
kcm
W
k2cmR
2
1 + k2cmR
2
R = 1[fm]
The term k
2
cmR
2
1+k2cmR
2 is a so-called Blatt-Weisskopf centrifugal barrier. In this manner one
accounts for the phenomenological knowledge about decay πN system angular momentum,
which is absent in the Lagrangian (3.20). Furthermore, ∆(1232) is not a stable particle.
One can account partially for the off-shell effects by replacing the propagator in DP term
(3.23) by
G˜αβ(p∆) =
P˜ αβ3/2(p∆)
p2∆ −M2∆ + iWΓ∆(p2∆)
= − (pupslope∆ +W )
p2∆ −M2∆ + iWΓ∆(p2∆)
× (6.2)
×
(
gαβ − 1
3
γαγβ − 2
3
pα∆p
β
∆
W 2
+
1
3
pα∆γ
β − pβ∆γα
W
)
.
This convention is used by [26] together with the Manley-Saleski decay width. Thus while
we use (6.1) we also replace (3.23) by (6.2). In order to stay consistent, after changing the
width (3.21) with (6.1) in (6.2) one has to multiply the whole expression by
√
ΓM−S(W )
Γ∆(W )
. It
will compensate for the fact, that our current has a decay vertex defined by (3.20) in the
numerator, which leads to the width (3.21).
On the level of total cross sections we find the difference between two ∆πN decay
descriptions negligible. This is illustrated in the Fig. 12 where we plot again the muon to
electron (anti-)neutrino total π0 production cross section ratios and we compare the default
and the Manley-Saleski ∆ description. Both descriptions lead to almost identical results.
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the full model of this paper with ∆ width described by (3.21) and (6.1).
Finally, we would like to address the question: how much does the numerical approxi-
mation (4.1) affect muon to electron neutrino cross section rates. We have already shown,
that the exact integration does not change much total cross sections. This is illustrated in
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Figure 13: Ratios of νµ to νe neutrino CCπ0 SPP cross sections on 12C calculated with the
full model of this paper and with approximations used in [14].
Fig. 13, where we have plotted νµ/νe 1π0CC cross section ratios. Differences are only for
energies Eν < 550 [MeV] and at Eν = 500 [MeV] it is about 4.3%.
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A Notation and conventions
We adapt the conventions from Bjorken-Drell (gµν = (+,−,−,−) etc.), the only difference
is in the Dirac spinor normalization:∑
s
us(p)us(p) = (pupslope+m) (A.1)
which is convenient for our calculations.
B Nuclear Matter Density Parameterization
We took the harmonic oscillator density profiles from [27]:
ρ(~r) = ρ0
(
1 + a (r/R)2
)
exp
[− (r/R)2] (B.1)
with corrections to parameters a and R calculated in [28]. These parameters are slightly
different for protons and neutrons. The local Fermi momentum is calculated from relation
kNF (~r) = (3π
2ρ(~r)N)
1
3 . Authors of [1] subtract Fermi kinetic energy from nucleons inside
medium E(p)→ E(p)− TF . In this manner they account for the binding effects.
C Nucleon Form Factors
The isospin symmetry relates the vector form factors to the electromagnetic ones:
F Vi (Q
2) = F pi (Q
2)− F ni (Q2). (C.1)
For the electromagnetic form factors we use the parameterization of Galster et al. [29]:
FN1 (Q
2) =
GNE + τG
N
M(Q
2)
1 + τ
; FN2 (Q
2) =
GNM(Q
2)−GNE (Q2)
1 + τ
(C.2)
GpE(Q
2) =
GpM(Q
2)
µp
=
GnM(Q
2)
µn
= −(1 + λnτ)G
n
E(Q
2)
µnτ
=
1
(1 + Q
2
M2D
)2
with µp = 2.792.847, µn = 1.913043, λn = 5.6, τ =
Q2
4M2
and MD = 0.843 [GeV]. We assume
the axial nucleon form factor in a dipole form:
GA(Q
2) =
gA
(1 + Q
2
M2
A
)2
; MA = 1.05[GeV ] (C.3)
with gA = 1.267.
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D ∆(1232) Form Factors
The most general electroweak ∆ excitation vertex is given by:
Γαµ(p, q) =
[
V αµ3/2 − Aαµ3/2
]
= (D.1)
=
[
CV3
M
(gαµqupslope − qαγµ)+C
V
4
M2
(gαµq ·(p+q)−qα(p+q)µ)+
+
CV5
M2
(gαµq ·p−qαpµ)+gαµCV6
]
γ5+
+
[
CA3
M
(gαµqupslope−qαγµ)+C
A
4
M2
(gαµq ·(p+q)−qα(p+q)µ)+
+ CA5 g
αµ+
CA6
M2
qαqµ
]
.
The CVi and C
A
i vector and axial form factors determine WN∆ transition. For the vector
form-factor set we use the parameterization of [30]:
CV3 =
2.13
(1 +Q2/M2V )
2
× 1
1 +Q2/4M2V
(D.2)
CV4 =
−1.51
(1 +Q2/M2V )
2
× 1
1 +Q2/4M2V
CV5 =
0.48
(1 +Q2/M2V )
2
× 1
1 +Q2/0.776M2V
with MV = 0.84 [GeV]. The CVC implies that CV6 = 0. The axial part is dominated by C
A
5
contribution. We use a dipole approximation, in which
CA5 (Q
2) =
CA5 (0)
(1 +Q2/M2A∆)
2
. (D.3)
We use a default value of the ∆ axial mass MA∆ = 1.05 [GeV]. The default value of CA5 (0)
is obtained from the Goldberger-Treiman relations [31]:
CA5 (0) =
√
2
3
fpi
mpi
f ∗ ≈ 1.2 (D.4)
which is somewhat higher, than what is used in [14]: CA5 (0) ≈ 1.15. The authors of [30]
and [14] use CA5 (Q
2) =
CA5 (0)
(1+Q2/M2
A∆
)2
1
1+Q2/3M2
A∆
. Because of big uncertainties in axial N∆
transition, which do not allow to extract any beyond-dipole behavior, we use the simple
dipole form (D.3). We include Adler [32] relation for CA4 , i. e.:
CA4 (Q
2) = −1
4
CA5 (Q
2). (D.5)
Furthermore, from PCAC hypothesis one can determine:
CA6 (Q
2) =
M2
m2pi +Q
2
CA5 (Q
2). (D.6)
The CA3 form factor is considered to be negligibly small, thus we set C
A
3 (Q
2) = 0
20
E Total Cross Section Tables
In the following section we present our results in form of the tables.
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Table 2: Total cross-sections in the 12C(νe, e−) scattering in 10−38 [cm2].
Eν [GeV]
6p+6n Free Fermi Motion + PB Full ∆ In-Medium
Resonant +Background Resonant +Background Resonant +Background
π+ π0 π+ π0 π+ π0 π+ π0 π+ π0 π+ π0 ∆pionless
0.40 0.2274 0.0455 0.3440 0.0888 0.3153 0.0631 0.4183 0.0902 0.1675 0.0335 0.2522 0.0559 0.1412
0.45 0.4797 0.0959 0.6666 0.1646 0.6063 0.1213 0.7647 0.1646 0.3313 0.0663 0.4664 0.1038 0.2126
0.50 0.8124 0.1625 1.0674 0.2569 0.9605 0.1921 1.1667 0.2516 0.5430 0.1086 0.7304 0.1619 0.2902
0.55 1.1980 0.2396 1.5122 0.3581 1.3463 0.2693 1.5886 0.3429 0.7868 0.1574 1.0167 0.2263 0.3682
0.60 1.6109 0.3222 1.9725 0.4625 1.7449 0.3490 2.0095 0.4353 1.0477 0.2095 1.3132 0.2924 0.4429
0.65 2.0309 0.4062 2.4282 0.5659 2.1329 0.4266 2.4188 0.5223 1.3137 0.2627 1.6094 0.3560 0.5120
0.70 2.4433 0.4887 2.8661 0.6657 2.5106 0.5021 2.7844 0.6051 1.5759 0.3152 1.8882 0.4209 0.5745
0.75 2.8378 0.5676 3.2784 0.7605 2.8616 0.5723 3.1523 0.6821 1.8282 0.3656 2.1566 0.4794 0.6297
0.80 3.2100 0.6420 3.6634 0.8499 3.1820 0.6364 3.4548 0.7500 2.0667 0.4133 2.4046 0.5338 0.6781
0.85 3.5571 0.7114 4.0202 0.9338 3.4779 0.6956 3.7404 0.8164 2.2895 0.4579 2.6318 0.5875 0.7199
0.90 3.8767 0.7753 4.3482 1.0121 3.7432 0.7486 3.9988 0.8747 2.4956 0.4991 2.8464 0.6358 0.7559
0.95 4.1698 0.8340 4.6506 1.0853 3.9876 0.7975 4.2507 0.9261 2.6859 0.5372 3.0413 0.6764 0.7868
1.00 4.4389 0.8878 4.9311 1.1543 4.2180 0.8436 4.4820 0.9822 2.8609 0.5722 3.2119 0.7188 0.8131
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Table 3: Total cross-sections in the 12C(νe, e+) scattering in 10−38 [cm2].
Eν [GeV]
6p+6n Free Fermi Motion + PB Full ∆ In-Medium
Resonant +Background Resonant +Background Resonant +Background
π− π0 π− π0 π− π0 π− π0 π− π0 π− π0 ∆pionless
0.40 0.0475 0.0095 0.0836 0.0305 0.0555 0.0111 0.0848 0.0226 0.0290 0.0058 0.0545 0.0167 0.0216
0.45 0.0914 0.0183 0.1476 0.0516 0.1023 0.0205 0.1474 0.0396 0.0551 0.0110 0.0960 0.0292 0.0322
0.50 0.1460 0.0292 0.2245 0.0772 0.1597 0.0319 0.2227 0.0605 0.0891 0.0178 0.1475 0.0452 0.0442
0.55 0.2088 0.0418 0.3118 0.1065 0.2252 0.0450 0.3067 0.0844 0.1301 0.0260 0.2077 0.0638 0.0573
0.60 0.2785 0.0557 0.4079 0.1391 0.2992 0.0598 0.3995 0.1110 0.1776 0.0355 0.2763 0.0849 0.0713
0.65 0.3543 0.0709 0.5120 0.1745 0.3759 0.0752 0.4997 0.1398 0.2309 0.0462 0.3528 0.1078 0.0859
0.70 0.4351 0.0870 0.6231 0.2124 0.4630 0.0926 0.6075 0.1702 0.2893 0.0579 0.4350 0.1329 0.1010
0.75 0.5204 0.1041 0.7408 0.2525 0.5515 0.1103 0.7199 0.2011 0.3522 0.0704 0.5246 0.1598 0.1163
0.80 0.6099 0.1220 0.8649 0.2945 0.6416 0.1283 0.8391 0.2354 0.4191 0.0838 0.6192 0.1879 0.1316
0.85 0.7026 0.1405 0.9945 0.3382 0.7392 0.1478 0.9624 0.2689 0.4890 0.0978 0.7205 0.2164 0.1470
0.90 0.7980 0.1596 1.1295 0.3835 0.8359 0.1672 1.0959 0.3064 0.5613 0.1123 0.8286 0.2475 0.1623
0.95 0.8956 0.1791 1.2695 0.4301 0.9342 0.1868 1.2316 0.3407 0.6358 0.1272 0.9393 0.2788 0.1775
1.00 0.9951 0.1990 1.4145 0.4780 1.0378 0.2076 1.3656 0.3795 0.7121 0.1424 1.0583 0.3108 0.1924
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Table 4: Total cross-sections in the 12C(νµ, µ−) scattering in 10−38 [cm2].
Eν [GeV]
6p+6n Free Fermi Motion + PB Full ∆ In-Medium
Resonant +Background Resonant +Background Resonant +Background
π+ π0 π+ π0 π+ π0 π+ π0 π+ π0 π+ π0 ∆pionless
0.40 0.0276 0.0055 0.0635 0.0202 0.0677 0.0135 0.1102 0.0228 0.0388 0.0078 0.0717 0.0153 0.0721
0.45 0.1378 0.0276 0.2406 0.0658 0.2528 0.0506 0.3538 0.0749 0.1316 0.0263 0.2107 0.0458 0.1317
0.50 0.4078 0.0816 0.6007 0.1507 0.5576 0.1115 0.7228 0.1545 0.2981 0.0596 0.4348 0.0956 0.2063
0.55 0.7792 0.1558 1.0495 0.2531 0.9331 0.1866 1.1481 0.2480 0.5197 0.1039 0.7122 0.1573 0.2869
0.60 1.1890 0.2378 1.5196 0.3594 1.3370 0.2674 1.5934 0.3425 0.7725 0.1545 1.0116 0.2244 0.3667
0.65 1.6128 0.3226 1.9898 0.4655 1.7418 0.3484 2.0115 0.4358 1.0382 0.2076 1.3167 0.2904 0.4417
0.70 2.0407 0.4081 2.4533 0.5704 2.1309 0.4262 2.4195 0.5230 1.3044 0.2609 1.6114 0.3554 0.5099
0.75 2.4628 0.4926 2.8998 0.6718 2.4985 0.4997 2.7860 0.6017 1.5630 0.3126 1.8779 0.4188 0.5705
0.80 2.8596 0.5719 3.3105 0.7661 2.8390 0.5678 3.1156 0.6740 1.8092 0.3618 2.1372 0.4754 0.6238
0.85 3.2263 0.6453 3.6855 0.8533 3.1519 0.6304 3.4359 0.7380 2.0404 0.4081 2.3644 0.5294 0.6700
0.90 3.5638 0.7128 4.0288 0.9345 3.4382 0.6876 3.6895 0.8048 2.2549 0.4510 2.5930 0.5776 0.7098
0.95 3.8729 0.7746 4.3430 1.0100 3.6954 0.7391 3.9564 0.8624 2.4532 0.4906 2.7903 0.6250 0.7439
1.00 4.1550 0.8310 4.6313 1.0805 3.9245 0.7849 4.1873 0.9113 2.6352 0.5270 2.9678 0.6661 0.7730
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Table 5: Total cross-sections in the 12C(νµ, µ+) scattering in 10−38 [cm2].
Eν [GeV]
6p+6n Free Fermi Motion + PB Full ∆ In-Medium
Resonant +Background Resonant +Background Resonant +Background
π− π0 π− π0 π− π0 π− π0 π− π0 π− π0 ∆pionless
0.40 0.0049 0.0010 0.0173 0.0096 0.0076 0.0015 0.0186 0.0059 0.0045 0.0009 0.0141 0.0052 0.0079
0.45 0.0212 0.0042 0.0495 0.0223 0.0291 0.0058 0.0534 0.0159 0.0150 0.0030 0.0361 0.0127 0.0146
0.50 0.0587 0.0117 0.1082 0.0423 0.0673 0.0135 0.1084 0.0315 0.0351 0.0070 0.0716 0.0240 0.0240
0.55 0.1089 0.0218 0.1812 0.0671 0.1193 0.0239 0.1794 0.0514 0.0645 0.0129 0.1189 0.0390 0.0354
0.60 0.1649 0.0330 0.2623 0.0952 0.1817 0.0363 0.2614 0.0748 0.1020 0.0204 0.1765 0.0568 0.0483
0.65 0.2286 0.0457 0.3545 0.1271 0.2530 0.0506 0.3546 0.1009 0.1469 0.0294 0.2432 0.0774 0.0624
0.70 0.3058 0.0612 0.4643 0.1638 0.3310 0.0662 0.4531 0.1286 0.1981 0.0396 0.3167 0.1000 0.0773
0.75 0.3967 0.0793 0.5887 0.2042 0.4151 0.0830 0.5619 0.1597 0.2550 0.0510 0.3996 0.1244 0.0927
0.80 0.4903 0.0981 0.7149 0.2458 0.5036 0.1007 0.6748 0.1913 0.3166 0.0633 0.4871 0.1509 0.1083
0.85 0.5841 0.1168 0.8424 0.2883 0.5962 0.1192 0.7937 0.2237 0.3823 0.0765 0.5811 0.1783 0.1241
0.90 0.6792 0.1358 0.9733 0.3321 0.6922 0.1384 0.9189 0.2578 0.4512 0.0902 0.6796 0.2079 0.1398
0.95 0.7763 0.1553 1.1084 0.3771 0.7901 0.1580 1.0436 0.2936 0.5229 0.1046 0.7845 0.2372 0.1555
1.00 0.8748 0.1750 1.2473 0.4232 0.8896 0.1779 1.1769 0.3287 0.5965 0.1193 0.8926 0.2685 0.1709
25
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